Introduction
The mechanical properties of metallic thin films at micron and sub-micron scales depend on their dimensions [31, 84, 97] , which is referred to as scale dependent behavior or size effects. Size effects are closely related to the material's specific microstructure and the boundary constraints and usually result in a stronger mechanical response. Scale dependent behavior can only be described by continuum theories that involve characteristic length scales of the material in the corresponding formulations. Several models that make use of strain gradients [2, 9, 78, 85] in order to capture specific aspects of this scale dependency exist in literature [1, 11, 13, 18, 20, 27, 28, 30, 38, 45, 46, 55, 61, 87, 106] .
Thin films are reported to show time dependent behavior of two types upon unloading after prior prolonged loading: i) creep, irreversible deformation developed under constant loads [52, 71, 72, 98] (possibly with accompanying permanent plastic deformation, e.g. due to instantaneous loading), and ii) anelasticity, deformation recovery over time (following the elastic spring back) [14, 21, 59, 60, 62, 69, 105] . Creep and anelasticity of thin films are attributed in literature to different deformation mechanisms such as dislocation glide [51, 52, 71, 89, 104] , grain boundary sliding [15, 16, 21, 60, 88, 101, 102] , or a combination of grain boundary sliding and dislocation glide [62] .
A strain gradient crystal plasticity (SGCP) model in terms of statistically stored dislocation (SSD) and geometrically necessary dislocation (GND) densities was previously published by [28] for the scale dependent behavior of fcc pure metals induced by a lattice curvature effect. Therein, size dependency is captured via a back stress, which is calculated for each slip system in a material point by the analytical integration of the stress fields due to GND density gradients over a cylindrical volume with a radius as the length scale. In [28] , the back stress of a slip system is defined by considering the interaction of dislocations that belong only to that slip system. In follow-up work by Bayley et al. [12, 13] , this definition was extended in order to incorporate the influence of the dislocations on the other slip systems.
For thin films, the kinetics of precipitation may differ from that of bulk materials due to the large surface-to-volume ratio. Information available in literature on Al-Cu thin films is limited in comparison with bulk materials. Mondolfo [73] mentions that disk shaped, fully coherent Guinier-Preston zones (G-PI) form slowly in thin Al-Cu films while the stable incoherent phase h nucleates rapidly. There are some other papers [17, 39, 66] in literature confirming that h is usually the only phase present in Al-Cu thin films, sometimes accompanied by the semi-coherent phase h 0 . Mader and Herd [65] studied Al-Cu thin films with 100-200 nm thickness by a heat treatment of the solid solution alloy between 100-300°C. They observed that nucleation of GP zones is retarded. A high density of h 0 phase particles forms at lower temperatures than in the bulk form. They are also smaller in size, about 10 nm. h are precipitated at the same time with h 0 in similar quantities again at lower temperatures than in the bulk form. At 300°C, only large h precipitates exist as the second phase particles. The distribution of the Cu atoms in Al-Cu polycrystalline thin films of 500 nm thicknesses with up to 1 at.% Cu was examined by [63] via thermal cycling between 323 and 773 K. It has been found that the density of Al 2 Cu particles (the h phase) is similar for free-standing thin films and films on a substrate. The Cu concentration does not influence the amount of particles but does affect their size: the lower the Cu concentration, the smaller the particles.
In this study, an extension of the SGCP framework of Bayley et al. [12] is presented for the description of time and scale dependent mechanical behavior of fcc based alloys with second phase particles for a large range of strain rates, particularly for the creep and anelastic behavior of Al-Cu [1 wt%] thin films. A physically motivated rate equation for slip is presented in terms of the microstructural quantities. In deriving this equation, it is assumed that the material consists of second phase particles, more specifically coherent h 00 , incoherent h or semicoherent h 0 particles, which are randomly distributed in the Al matrix. It assumed that the deformation occurs through dislocation glide on multiple slip systems within the grain interior. The rate of dislocation glide, i.e. the dislocation velocity, is controlled by the thermally activated release of dislocations from obstacles at stress levels below the strength provided by the interaction of dislocations with other dislocations and the particles. Four different interaction processes are considered to constitute the rate governing mechanisms: (i) the dislocation-dislocation interaction, (ii) the Friedel process, (iii) the Orowan process and (iv) dislocation climb over particles. Separate constitutive equations are written for the crystallographic slip rates of each process and are combined in a physically motivated manner. For the slip rate governed by the resistance due to dislocation-dislocation interactions, the viscous glide of dislocations is also taken into account at stresses larger than the resistance provided by the dislocationdislocation interactions. The new constitutive law for crystallographic slip is integrated into the SGCP framework of Bayley et al. [13] and implemented in a finite element method. A boundary value problem involving the displacement controlled bending of an Al-Cu cantilever beam is solved to study the effect of the dislocation-particle interactions on the mechanical behavior of the material.
Strain gradient crystal plasticity model
A strain gradient crystal plasticity framework (SGCP) was recently developed by Bayley et al. [12, 13] , Evers et al. [28, 29] to capture the scale dependent behavior of fcc pure metals due to the lattice curvature effect. Therein, the size effect is modeled with a back stress, which is obtained by resolving the internal stress fields due to the non-uniform distribution of GNDs onto individual slip systems. The GNDs represent the signed fraction of the total dislocation population in the material and are necessary to preserve the lattice compatibility in the crystal. The SGCP framework involves also SSDs, however, they do not contribute to the back stresses due to their random orientation, whereas they do play a role in the isotropic hardening process.
The framework is based on the multiplicative decomposition [54, 58] of the deformation gradient tensor F into its elastic, F e ; and plastic, F p ; components
where F e describes the stretch and the rotation of the lattice with respect to an intermediate configuration that is defined by F p with respect to the reference configuration.
The second elastic Piola-Kirchhoff stress tensor S is given in terms of the elastic Green-Lagrange strain tensor E e in the intermediate configuration as:
with C the fourth order elasticity tensor and I the second order identity tensor. S is defined by the pullback of the Kirchhoff stress s to the intermediate configuration as
The rate of the plastic deformation gradient is obtained from
where L p is the plastic velocity gradient tensor and is resolved from the plastic slips at the slip system level (here 12 octahedral slip systems for an fcc metal):
In this equation, _ c a denotes the plastic slip rate of system a and P a 0 ¼ s a 0 n a 0 is the Schmid tensor with s a 0 the unit direction of the Burgers vector and n a 0 the unit normal of the slip plane of system a, both in the intermediate configuration.
The evolution of the plastic slip was described in the previous versions of the model [12, 13, 28, 29] by a power-law type relation:
where _ c 0 and m are the reference slip rate and the rate sensitivity, respectively. Furthermore, s a is the slip resistance, T is the absolute temperature and k is the Boltzmann constant. The material constant DF 0 represents the energy barrier to be supplied by the thermal fluctuations for overcoming the slip resistance at vanishing stress levels. s a eff is the effective stress which is given by the difference between the applied resolved shear stress 1 s a and the resolved back stress s b a :
The back stress of a slip system in the SGCP model is calculated at a material point by integration of the stress fields of a distribution of GNDs in a cylindrical volume, the dimension of which represents a length scale. The definition of s b a was initially given by Evers et al. [28, 29] in terms of contributions of the GNDs of that slip system only. Later, it was extended by Bayley et al. [12, 13] taking into account the contributions of all stress components on all slip systems. The definition of the internal stress field due to edge dislocations is given as:
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1 Note that F T e Á F e is small in case of small elastic deformations and its contribution is neglected in this definition of the resolved shear stress. and for the screw GNDs, it is:
r 0 q n GND;s Á Àn n 0 s n 0 p n 0 À n n 0 p n 0 s n 0 þ p n 0 s n 0 n n 0 þ p n 0 n n 0 s n 0 ð9Þ with p n 0 ¼ s n 0 Â n n 0 associated with slip system n and R the radius of the cylindrical integration volume. In [12, 13, 28, 29] , two of the screw dislocations with the same Burgers vector are coupled into one set, leading to 6 screw dislocations while the number of slip systems for edge dislocations is kept constant. Hence, index n runs over 1...12 in case of edge dislocations and 13...18 for the screw dislocations. The back stress on a slip system a is then calculated by:
The slip resistance on the glide system, s a , is provided by the short-range dislocation-dislocation interactions. It is formulated following Ashby [9] in terms of both q a SSD and q a GND as:
where c is a material constant [57] , G is the shear modulus, b the magnitude of the Burgers vector, and A an are the components of the interaction matrix that quantifies the strength of the interactions between slip systems [33] . It is composed of the six interaction coefficients corresponding to self hardening, coplanar hardening, Hirth lock, Glissile junction, Lomer-Cottrell lock, and cross slip [6] . The evolution of SSD densities on each slip system n is described by the generalized form of the relation originally proposed by Essmann and Mughrabi [26] :
In this equation, the first term within the parentheses represents the accumulation rate where L n denotes the average dislocation segment length given by:
Here, H na are the components of an interaction matrix similar to A an , representing the mutual interactions between the dislocations [28] . The second term in the parentheses is the annihilation rate in terms of the critical annihilation length y c , the average distance between two oppositely signed dislocations, below which they annihilate. The densities of GNDs are calculated via the gradients of the crystallographic slips. The slip gradients in the direction of slip s a 0 yield the densities of edge GNDs while the gradients in the direction of p a 0 give screw GND densities. A gradient of slip in the direction of the slip plane normal n a 0 does not introduce any GNDs [9] . Hence, a balance equation for the densities of the GNDs can be written as
Here, n runs over 1, 2, ..., 12 for edge GNDs and over 13, 14, ..., 18 for screw GNDs. q n GND;e 0 and q n GND;s 0 denote the initial densities of edge and screw GNDs. The superscripts a 1 (n) and a 2 (n) represent two slip systems with the same slip direction but different plane normals for each screw GND. Scale dependency of the material response due to the lattice curvature effect is well captured by the current framework [12, 13, 28, 29] . However, for a proper description and analysis of the time dependency observed in the behavior of the metallic thin films considered here, several additional aspects should be taken into account in the formulation of the slip rate equation:
i. Incorporation of physically justified time constants into the constitutive equations, e.g. in the slip rate Eq. (6), which is lacking in the current formulation. Note that _ c 0 in Eq. (6) is only a reference slip rate, and does not relate to the missing time constants.
ii. The current flow rule considers only the dislocation-dislocation interactions as the source of the slip resistance, which is treated as a short range obstruction that is overcome by thermal activation. In this respect, Eq. (6) can be safely used for effective stress levels below the slip resistance, i.e. within the thermal activation regime. At larger stresses, which can also be interpreted as high strain rates, the dislocation motion falls into the viscous drag regime [53] and Eq. (6) becomes invalid. iii. As mentioned before, Eq. (6) is designed for pure fcc metals, whereas the material considered in this work is a metal alloy. For alloys, additional obstructions to dislocation glide exist, such as solute atoms in case of solid-solution alloys or precipitates and/or dispersions in particle strengthened alloys. In order for plastic slip to occur, dislocations have to overcome the particles via different processes. Hence, together with the dislocation-dislocation interactions, the influence of the interaction of dislocations with the solute atoms and the particles on the material behavior needs to be taken into account. iv. The slip rate Eq. (6) is phenomenological despite the parameters entering into it, such as the effective resolved shear stress and slip resistance, having some physical basis.
Based on these observations, an extension for the SGCP framework [12, 13, 28, 29] for modeling the time and scale dependent behavior of particle strengthened fcc thin film alloys is proposed in the next section.
3 The extended SGCP model
The SGCP framework is extended by the introduction of a physically motivated constitutive law for the description of crystallographic slip in metal alloys based on the Orowan type rate equation. The following assumptions are made in the development of the new flow rule:
i. Since the focus of this work is on applicability to thin films, in which GP zones are either significantly smaller in number and size or not observed [17, 39, 63, 65, 66, 73] , in contrast to bulk materials, particles are assumed to have a spherical shape. It is assumed further that they have a constant volume fraction and size (i.e. they do not evolve during deformation). ii. Only one type of particle phase exists in the matrix phase. Possible effects of the solute atoms in the matrix are not considered to be significant. iii. All particles have the same size (which is equal to the average particle size) and the same strength. iv. The new constitutive law for slip systems aims at capturing the mechanical behavior of the material within a grain. Hence, particular deformation mechanisms occurring at/along grain boundaries, such as grain boundary sliding, are ignored 2 v. It is assumed that the plastic deformation results from dislocation glide. In setting up the constitutive rule, the rate of slip is considered to be restricted by the cooperation of (1) dislocationdislocation interactions, (2) viscous drag (at high strain rates), (3) dislocation-particle interactions. vi. Upon the completion of the Orowan process, dislocation loops are left around the particles, the pile up of which may lead to an additional hardening. This secondary effect is not considered in the present formulation. vii. At low stress levels, the overall slip rate is controlled by the climb of edge dislocations over the particles. viii. For screw dislocations, the motion out of the slip plane is referred to as cross-slip and is omitted here.
The total crystallographic slip rate _ c a of a slip system a is decomposed into the slip rates due to mobile edge and screw dislocations reading
where subscripts (.) e and (.) s denote edge and screw types, respectively. The slip rates of edge and screw dislocations are obtained from the combination (see Fig. 1 ) of the distinct slip laws written for each of dislocation-particle and dislocation-dislocation interaction mechanisms 3 :
2 Grain boundary strengthening due the pile-up of dislocations can still be captured by the introduction of impenetrable boundaries into the material. 3 Note that although the effect of solid solution strengthening is not included in the current formulation (cf. assumption ii), it can effectively be incorporated in the dashpot that currently describes dislocation-dislocation interactions. Alternatively, a
The subscripts (.) R , (.) O , (.) F and (.) C stand for the slip resistance arising from the dislocation-dislocation interactions, the Orowan process, the Friedel process and dislocation climb. Note that the Orowan and the Friedel processes occur for both edge and screw type of mobile dislocations whereas only edge dislocations can climb. The dashpot systems for the edge and screw dislocations are subjected to the same stress, s a eff ; which is then divided between their underlying branches. This can be formulated as
In this equation, s a eff ; s a 1;j and s a 2;j with j 4 = {e,s} 4 are the effective resolved shear stresses in the main branch, the first branch (for dislocation-dislocation interactions) and the second branch (for dislocationparticle interactions), respectively, see Fig. 1 .
The rate equations for crystallographic slip are based on the Orowan type flow rule:
where q a m;j is the density of mobile dislocations, b is the magnitude of the Burgers vector and " v a i;j is the average velocity of mobile dislocations in slip system a. Here, i indicates the type of the interaction between dislocations and particles: for edge dislocations i = {R, O, F, C}, whereas for screw dislocations i = {R, O, F}.
The densities of mobile edge and screw dislocations in Eq. (20) are calculated via
with U a constant determining the mobile fraction of total dislocations on a slip system. It should be noted that Eq. (21) involves 12 screw GNDs whereas Eq. (15), following [12, 13, 28, 29] , contains 6 screw GNDs. In this work, 12 screw GNDs are obtained by distributing 6 screw GNDs equally between the associated slip systems with the same plane normals. Note also that Eq. (21) has 12 edge and 12 screw SSDs. Eq. (12) was proposed by [12, 13, 28, 29] assuming that all SSDs were of the edge type. In this work, SSD Fig. 1 Mechanical analogue of the new constitutive law for a slip system in a particle strengthened alloy. In the figure, a denotes the slip plane and runs over 1..12 for fcc metals, s a eff is the effective resolved shear stress, _ c a is the total slip rate corresponding to s a eff ; s a 1 and s a 2 are the stresses in the first and second branches. _ c a R ; _ c a O ; _ c a F and _ c a C are the slip rates of the dashpot representing the dislocation-dislocation interactions, the Orowan, the Friedel and the climb dashpots, respectively. Subscripts ð:Þ ;e and ð:Þ ;s represent the quantities for edge and screw dislocations Footnote 3 continued third branch that is parallel to the branches of dislocation-dislocation and time independent dislocation-particle interactions may be added to each dashpot group. In this way, the presence of the solute atoms within the matrix and their influence on the crystallographic slip rate can be represented explicitly with the relevant characteristic properties of dislocation-solute atom interaction. 4 From here onwards, subscript j is used as an index for dislocation type and reads e and s for edge and screw dislocations, respectively. densities calculated via Eq. (12) are equally split into edge and screw types. In the following subsections, the average velocity of mobile edge and screw dislocations are derived based on the bases of their interactions with the obstructions for their glide.
Dislocation-dislocation interactions
The slip resistance proposed by [12, 13, 28, 29] , originating from the short-range interactions between dislocations, is reformulated into
where L d a is defined as the effective mean planar distance between the dislocations and given by:
In the current formulation, s a acts as a stress barrier around which a transition occurs between two different regimes of dislocation motion [53] . Dislocations driven by the effective resolved shear stresses lower than s a move in a jerky manner: the time between two sequential hits of an obstruction is mainly spent in front of obstacles, from which dislocations escape by the help of thermal fluctuations, referred to as thermally activated release. Here, the average velocity of dislocations during thermally activated motion is obtained by the generalization of the rate equation given by [53] for the rate of thermal activated release of dislocations from obstructions:
with v G the Granato frequency,F R;j the maximum force that can be sustained by dislocation-dislocation interactions and C c;j the line tension of a dislocation experiencingF R;j : The fractionF R;j =2C c;j is a measure for the magnitude of the slip resistance resulting from dislocation-dislocation interactions and is approximated here byF R;j =2C c;j ¼ c 2=3 : The pre-exponential term excluding v G determines an effective jumping distance that a dislocation spans between two successive obstructions. DG R;j is the activation energy for the thermally activated passage of the dislocation-dislocation interactions and is defined as
in which DF 0 represents the energy required at zero stress [12, 13, 28, 29] . When the effective resolved shear stress is larger than s a , the applied stress is sustained by viscous drag forces originating from the interaction of mobile dislocations with phonons and electrons in case of metals with low lattice resistance [53] , such as fcc metals. In this case, dislocation motion is rather continuous in comparison with thermally activated dislocation glide and the velocity of gliding dislocations is proportional to the effective resolved shear stress [53] . In this work, the average velocity of mobile dislocations within the viscous drag regime is calculated by:
which is obtained by the simplification of the average dislocation velocity defined by [53] for the viscous drag regime by assuming a relatively large separation distance between the obstructions in comparison with the dislocation-dislocation interaction regime [53, 90] . B is the drag coefficient and approximated by [53] B ' kT
with X the atomic volume and x A the atomic frequency. B is taken as the same for edge and screw dislocations. Finally, an expression for the average velocity of mobile edge and screw dislocations " v a R;j is obtained by the combination of these two different regimes of dislocation motion by considering the times to travel the same distance in case of thermally activated glide only and viscous glide only [53, 90] , which leads to
Equation (28) implies that the average velocity of mobile dislocations will be governed by the slowest of " v a dr;j and " v a th;j :
Dislocation-particle interactions
In the extension of the SGCP framework, it is assumed that the material involves one type of second phase particles. It is assumed further that the particles have a spherical shape with an average planar radius r s [4, 5] 
and a mean planar spacing in a regular square lattice arrangement L cc [4, 9, 67 ]
on a glide plane intersecting the particles randomly, where r is the average particle size and f is the particle volume fraction. Under a sufficiently large effective resolved shear stress (s eff ), a dislocation glides on its slip plane until it is hindered by particles. When the particles are weak, the gliding dislocations overcome the particles by shearing them, i.e. via a Friedel mechanism. For impenetrable particles, the gliding dislocations escape by bowing around them, i.e. via the Orowan mechanism. In the sections below, the additional strength provided by the particle-dislocation interactions is quantified for the Friedel and Orowan processes and for a diffusional process, dislocation climb.
Friedel process
As the applied load on the dislocations is increased, the dislocations hindered by particles bow out between them until a critical dislocation configuration is achieved, i.e. when the force exerted on particles becomes equal to the shear strength of particles. The critical shear stress acting on the dislocations in this configuration, s FR ; is given by [4, 5, 19, 32, 34, 50, 67, 68, 82, 94] :
Note that although the term in the square brackets is derived with the assumption of point-like obstacles and small bowing-out of dislocations, Eq. (31) incor-porates the effect of finite particle size and the randomness of their distribution on the Friedel stress through the term in front of the square brackets. In this equation, C c is the line tension of the dislocation andF is the maximum shear force that can be sustained by the particle. ForF=2C c \1; dislocations shear the particles by the Friedel mechanism while forF=2C equal to 1, the Orowan mechanism becomes active. C 1 , C 2 and C 3 are constants given as [5, 82] C 1 = 0.94, C 2 = 2.5, C 3 = 0.33 and C 1 = 0.94, C 2 = 0.82, C 3 = 1 for elastically interacting particles and energy storing particles [4, 50, 77] , respectively. g 0;j is defined as [94] :
with y 0 being the range of the interaction force. It is proposed that for g 0;j ) 1; the assumption of point-like particles becomes invalid. The dislocation-particle interaction becomes similar to that in solid-solution alloys, which are well treated by Mott-Labusch statistics [56, 74, 75] . The line tension of edge and screw dislocations is calculated by using an improved version [4] of the de Wit-Koehler model [23] :
which is derived by the calculation of the average line tension along the length of a circular arc [4, 70] . Here, cos / c;j ¼F R;j =2C c;j ; R i % b is the inner cut-off radius and R o is the outer cut-off radius which is approximated by the mean planar spacing L cc : Four different sources of strengthening are considered in the calculation of the Friedel stress of a particle, s FR;j ; and the corresponding activation energy DG F;j ; which are discussed below: a) Chemical strengthening denotes the additional energy required to generate new interfaces during the shearing of energy storing particles. The maximum force that a screw dislocation feels during this process reads [4, 5, 19, 68, 82 , 83]
with v s the specific energy of the particle-matrix interface. The resistance force for edge dislocations is approximated to be equal for screw dislocations [19, 68, 82, 83] . The energy barrier corresponding to chemical strengthening is described by Argon 
b) Stacking fault (SF) strengthening is an elastic type of dislocations-particle interaction [82] that results from the difference in the SF energies of the matrix and particles (Dv). The SF strengthening model of [81] is adopted here due to its simplicity. In this model, the maximum resistance force experienced by a straight dislocation due to the mismatch of SF energies is given bŷ
withd j ¼ minðw j ; r s Þ: w j is the equilibrium distance between Shockley partial dislocations in the material matrix and is calculated by [42] 
where b j is the angle between the total Burgers vector and the dislocation line. An equation for the activation energy of SF strengthening is suggested by [5] :
c) Coherency hardening originates from the interaction of dislocations with the stress fields due to the lattice misfit (e) between the coherent particles and the matrix, which is of an elastic and diffuse type [81] . The maximum resistance force that an edge dislocation experiences reads [4, 40, 41, 43, 80 , 83]
and occurs when its slip plane intersects the particle at a distance of r= ffiffi ffi 2 p from the center of the particle. Strain fields due to a lattice misfit do not pose any resistance against the motion of a long straight screw dislocation. The critical resolved shear stress necessary to overcome coherent spherical particles is given by [4, 19, 40, 41, 43, 80, 83] 
where a and a p are the lattice dimensions of the matrix and particles 5 , respectively, and C 4 is a constant to take into account the diffuse nature of the interaction [4, 82] . Equation (41) is used to estimate the additional strength provided by the lattice mismatch between the particles and the matrix by setting C 4 & 3.9. The associated activation energy is described by
as proposed by [5] . d) Modulus hardening occurs due to the difference in elastic moduli of the matrix and particles (DG). In this type of hardening, the matrix dislocations interact elastically with the particles [81] . Here, an empirical equation which is derived by [79] is used for the calculation of the maximum force that is experienced by an edge dislocation due to the modulus misfit:
where C 5 & 0.05 and C 6 & 0.85 are constants [4] . This equation is also used for screw dislocations with a reduction by 25%, which is qualitatively in line with the numerical results in [79] for screw type dislocations. Following [5] , an expression for the energy barrier to overcome the additional resistance offered by the modulus misfit can be written as
5 From here onwards (.) p presents a quantity for particles.
The shear resistance that is offered by each source of strengthening is calculated separately using Eq. (31). The Friedel stress is then determined by the source that offers the largest shear resistance:
In the present work, mobile dislocations overcome particles by means of thermal activation, and hence the average velocity of dislocations is formulated in a way similar to Eq. (28) such that
In this equation, the fractionF F;j =2C c;j and the activation energy DG a F;j originate from the same strengthening source that determines s FR;j :
Orowan process
If the particles are strong because of, for instance, being incoherent or large, gliding dislocations cannot shear them. However, the particles can still be passed by bowing around them, which is referred to as the Orowan process. The stress required to complete this process is called the Orowan stress. The Orowan stress, s OR;j ; is calculated here by using the expression derived by [82] 
where w r , w q , w l and w d are statistical parameters given by
Note that, the Orowan stresses for edge and screw dislocations are assumed to be the same. The Orowan mechanism is almost temperature independent. Such a property can be described using a relatively large activation energy such as DG O [ 2 Gb 3 following [35]. A stress dependent energy barrier for the Orowan process is used
which is inserted in the average velocity of dislocations to circumvent the particles via the Orowan process:
Dislocation climb
Within the extended SGCP framework, when applied stress levels are low for overcoming the obstacles via the Orowan or Friedel processes, a diffusional process, dislocation climb, may assist mobile edge dislocations to continue their glide.
The climb of edge dislocations is described here by the thermally activated detachment model of [92] by assuming that there is a sufficiently strong attractive interaction between the particle and a dislocation climbing over it. This assumption can be justified by the existence of semicoherent and incoherent particles, which is commonly observed in thin films made of Al-Cu alloy. In this model, the line tension of the dislocation during its climb is relaxed due to the attractive interaction. Hence, for its detachment from the particle, an additional energy must be supplied for the compensation of the energy loss. This detachment energy E d is formulated by [92] 
for spherical particles of average radius r, where
is the detachment stress proposed by [91] for a weak behavior of dispersions during the thermal detachment, in contrast to the strong obstacle approximation of [7] . Therefore, Eq. (52) yields lower threshold stresses for the detachment than the original formulation of s d;e by [7] . k r is a relaxation constant that represents the strength of the interaction between climbing dislocations and particles. A lower k r means a stronger interaction, leading to a larger relaxation of line energy during climb. k r [ 0.7 and it attains its lowest values for incoherent particles [8] .
An attempt frequency of dislocations, v, in the thermally activated detachment model of climb is defined following [92] by
where v v is frequency of vacancy absorption, D l ¼
Þis the lattice diffusivity, m D is the Debye frequency, Q f and Q are the activation energies for vacancy nucleation and migration that together define Q l ; the activation energy for self diffusion.
In this paper, Eqs. (51) and (52) are used for the calculation of the activation energy and the threshold stress for the detachment. In line with Eq. (53), an expression is used for the average velocity of the mobile edge dislocations which is limited by dislocation climb in a way similar to Eqs. (28) , (46) and (50):
L J in this equation can be interpreted as the average travel distance after the detachment from a particle until the next contact with another particle. Here, L J is approximated by an effective travel distance L 2 cc =k c;e if s FR \s OR where k c;e is the Friedel sampling length for edge dislocations and given by k c;e ¼ L cc = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi cos / c;e p : Otherwise, it is taken as equal to L cc : Note that the self diffusion constant D l in Eq. (53) is replaced by an effective diffusion constant D eff in Eq. (54) . The line tension C e in the definition of the activation energy is calculated by using Eq. (33) with R o = 2r s , which is a suitable approximation for the outer cut-off radius since the dislocation configuration in the thermal detachment model is similar to that in the Orowan process.
In the extended SGCP framework, it is assumed that the climb of dislocations over particles is the only rate limiting diffusional mechanism for the overall crystallographic slip and it introduces a real time dependency into the constitutive rule through the diffusion constant.
The dashpot configuration depicted in Fig. 1 can be interpreted as follows: When the material is loaded, the external resolved shear stress (s a ) must overcome firstly the back stress (s a b ) so that a non-zero effective resolved shear stress (s a eff ) can drive mobile dislocations. In order to move a dislocation from one position to another, s a eff has to simultaneously overcome the crystallographic slip resistance by dislocation-dislocation interactions and dislocation-particle interactions. Dislocation-dislocation interactions and dislocation-particle interactions are therefore connected in parallel in the first and second branch, respectively. If s a eff is sufficiently large, dislocations can overcome obstacles via the Friedel or/and Orowan processes. These two mechanisms are incorporated separately in the dislocation-particle branch. As an important difference between the second branch and the first branch of the parallel dashpot groups, the dashpots in the second contribute in the thermally activated slip regime only. As soon as the stress in the branch (i.e. s a 2 ) exceeds the threshold stress of a dashpot (namely s OR or s FR ), that dashpot becomes active, and hence the stress in the branch hardly increases further with the applied stress. The slip behavior then becomes similar to that in a particle-free material and a further increase in the applied stress is carried only by the dashpot in the first branch. As the stress in the first branch (i.e. s a 1 ) exceeds the resistance arising from the dislocation-dislocation interactions (s a ), the dislocation motion falls into the so-called alpha viscous drag regime and s a eff works against the viscous drag forces only. If s a eff is low, dislocations cannot cut through obstacles or bow around (meaning that the dashpots connected in parallel yield zero or negligible slip rates). However, dislocation glide may still occur via diffusional processes. A dashpot representing dislocation climb is added into the main branch so that finite strain rates are produced even if the effective resolved shear stress levels are insufficient for the Orowan and Friedel mechanisms. Pure metal behavior can be simulated with the extended SGCP framework by excluding the dashpots modeling the dislocation-particle interactions and keeping only the first branches of the parallel dashpot groups in Fig. 1 . The total slip rate is then given by:
The resulting slip law is illustrated by its mechanical equivalent in Fig. 2 . The flow rule given by Eq. (55) is compared with the slip law proposed by Bayley et al. [12, 13] , Evers et al. [28, 29] [Eq. (6) ] at a single slip system level in Fig. 3 for the material parameters given in Table 1 . Clearly Eq. (6) has no upper bound for the slip rate. This contradicts the fact that the speed of sound limits the maximum velocity that dislocations may attain and thereby imposes an upper bound on the shear rate. At stress levels above the slip resistance, which is set to 15 MPa in this example, the stress sensitivity of the shear rate is large, which deviates from the linear stress-strain rate relation found in the viscous drag regime (assuming the changes in the dislocation density have a negligible effect on the shear rate).
Contrarily, the new flow rule developed here does have an upper bound as seen in Fig. 3 and is also valid at stress levels that are larger than the crystallographic slip resistance provided by dislocation-dislocation interactions.
Alloys: without dislocation climb
The additional strength against particle shearing offered by chemical hardening, stacking fault hardening, hardening due to the modulus mismatch and the lattice mismatch between the matrix and the particle are calculated via Eqs. (31), (35), (37), (40) and (43) by using the properties of coherent particles (i.e. chemical energy and lattice mismatch), see Fig. 4a . The lattice mismatch constitutes the largest contribution to the shear resistance of particles in case of edge dislocations for particle radii above about 1 nm. Hence, it controls the Friedel stress s FR;e of coherent particles for edge dislocations. The particle size corresponding to the peak aged condition is visible in Fig. 4a at around r 1/2 & 3.5 nm, after which the Orowan mechanism starts to operate 6 . For mobile screw dislocations, the Friedel stress s FR;s originates alternatively from the stacking fault strengthening and the modulus mismatch depending on the particle size. Yet, s FR;s is always smaller than the Orowan stress, see Fig. 4b . Based on these results, one may also conclude that in case of semi-coherent particles, the additional strength provided by the particles falls between the strengthening due to small coherent particles (which are overcome by the Friedel process) and the strengthening due to large coherent particles or incoherent particles (which are passed by the Orowan mechanism). Crystallographic slip rates are calculated via Eq. (55) for a pure fcc metal and via Eqs. (16)- (18) for an alloy having coherent particles with r = 5 nm, see Fig. 5 . The material parameters used in the calculations are given in Table 1 . Some quantitieṡ [12, 13] . Evers et al. [28, 29] and this work 6 The straight part of the curve for the particle resistance due to the lattice misfit results from the upper bound s u ¼F=bL cc for infinitely flexible dislocations [82] , the largest stress attainable for the given particle size and volume fraction. Note that the Orowan process intervenes before this maximum value is reached. necessary to interpret Fig. 5 are listed in Table 2 . The Friedel stress s FR for edge dislocations, which originates from the stress fields due to the lattice misfit (cf. Fig. 4a ), equals about 38 MPa, which is smaller than the Orowan stress s OR = 75 MPa, cf. Table 2 . The Friedel stress s FR for screw dislocations is provided by the stacking fault strengthening (see Fig. 4 ) and is about 6 MPa, smaller than s OR : Thus, dislocations overcome the particles via the Friedel mechanism. g 0 is smaller than 0.4 for edge dislocations and around 0.4 for screw dislocations, which justifies the treatment of the particles as point-like obstacles. In Fig. 5a , the slip rates of the edge dislocations are plotted. For pure metals, there is a transition from thermally activated dislocation glide to viscous glide around 15 MPa, which is the value assigned to the slip resistance arising from dislocation-dislocation interactions, s. For alloys, this transition shifts to larger stresses by an amount about equal to the Friedel stress for the edge dislocations. In Fig. 5b , the total slip rate is plotted. Note that there is still one transition of the dislocation glide regime around s for pure materials since the resistance provided by dislocation-dislocation interactions is taken equal for edge and screw dislocations while for alloys, there are two transition (a) (b) Fig. 4 The particle resistanceŝ due to chemical hardening, stacking fault hardening and mismatches in the lattice constant and shear modulus of the particle and the matrix a for edge dislocations and b for screw dislocations. The Orowan stress is taken equal for edge and screw dislocations (a) (b) Fig. 5 Comparison of constitutive laws for slip systems in pure metals and particle strengthened alloys (r = 5 nm) a Edge dislocations only. b Edge and screw dislocations regions. The first transition, which occurs around 20 MPa is attributed to the screw dislocations, for which the Friedel stress s FR;s (6 MPa) is relatively small. As the effective stress is increased further, the velocity of the mobile screw dislocations will be limited by the viscous drag force while the mobile edge dislocations are still in the jerky glide regime. Around s eff ¼ s þ s FR;e ; the second transition occurs, after which all mobile dislocations slip in the viscous glide regime. The slip rates of edge and screw dislocations and the total slip rate are shown in Fig. 6 for two different particle sizes. For r = 5 nm, the contribution of the edge dislocations to the total slip rate becomes significant at high stresses, at which the screw dislocations move already in the viscous drag regime. For r = 20 nm, edge dislocations can pass the particles only by bowing around them, i.e. via the Orowan mechanism since s OR;e \s FR;e ; see Table 3 . For screw dislocations, the Friedel stress is still smaller than the Orowan stress, hence they continue to glide by shearing the particles on their slip path. Since s FR;s is considerably less than the Orowan stress for the edge dislocations, the total slip rate essentially results from the screw dislocations. Figure 7 shows the distribution of the effective resolved shear stress between the branches of the dashpot system in Fig. 1 and the resulting slip rates of the dashpots, representative for the individual overcoming mechanisms discussed in the previous sections. It is seen in Fig. 7a that for edge dislocations, up to about 20 MPa, the effective stress is fully sustained by the particles, i.e. the second branch. Meanwhile, since the stress in the first branch, s 1;e is almost zero (and also climb of edge dislocations is ignored), the total slip rate of edge dislocations is also negligible, cf. Fig. 7b . As the effective stress is further increased, the first branch also starts carrying load. The dashpots in both branches yield slip rates in a compatible manner so that the net total slip rate increases. At a sufficiently large stress level, i.e. equal to s 2;e for edge dislocations (for r = 5 nm), the Friedel dashpot in the second branch is saturated and the additional increase in the load will be carried only by the dashpot representing the dislocation-dislocation interactions. A similar explanation holds for the screw dislocations in Fig. 7c-d . Note that for screw dislocations, the fraction of the stress carried by the second branch is noticeably smaller than that for edge dislocations, since s FR;s is relatively small. Figure 7a-d show the behavior of a slip system for particles of 5 nm radius. Similar curves can be (a) (b) Fig. 6 Slip rate ( _ c) versus the effective resolved shear stress (s eff ) for edge dislocations and screw dislocations for particle sizes a r = 5 nm and b r = 20 nm. Dislocation climb is not considered obtained for different particle sizes (e.g. Fig. 6b ), for which the type of the particle overcoming mechanism (i.e. the Orowan or Friedel mechanism) and the main source of strengthening can be determined from Fig. 4a-b . For larger and stronger coherent particles, the Orowan mechanism will become active. In case of incoherent particles, the Orowan process will be the only particle overcoming mechanism (in the absence of dislocation climb). This study showed that when the second phase particles are considered to be of the coherent type and dislocation climb is ignored, the total slip rate of a crystallographic system is mainly dictated by the screw dislocations within the presented framework. For screw dislocations, the set of equations used to calculate the threshold stress for the Friedel mechanism always leads to values smaller than that of the Orowan mechanism. Hence, they always overcome coherent particles by shearing them, regardless of the properties of particles, i.e. their size and volume fraction. Moreover, the magnitudes of the Friedel stress for screw dislocations are low compared to those for edge dislocations and the slip resistance due to the dislocation-dislocation interaction. Therefore, it may be stated through Eq. (16) that coherent particles do not provoke a noticeable strengthening according to the presented framework. On the contrary, in case of incoherent particles, the stress barrier for the particle circumvention is the same for both type of dislocations and is determined by the Orowan stress, which is highly sensitive to particle properties and can take values up to hundreds of MPa.
Alloys: the role of dislocation climb
Within the current framework, the rate of climb of edge dislocations is limited by the thermally activated detachment from the attractive particles. An important parameter herein is the relaxation constant k r and it determines the detachment threshold stress as well as the activation energy for the thermal detachment. In Fig. 8 , the threshold stress (s d ) and the activation energy (E d ) at zero effective shear stress are plotted for three different values of k r for a range of particle sizes. Note that s d decreases with particle size following the reduction of the Orowan stress while E d increases. At a constant particle size and volume fraction, the detachment stress and the detachment energy at zero stress decrease with increasing k r . The total slip rates calculated at slip system level incorporating the contribution of climb are shown in Fig. 9a-b for two sizes of coherent particles (with a finite degree of attractive interaction). In these figures, the slip rates of the parallel dashpot groups for edge and screw dislocations are also explicitly shown. Figure 9a shows that the slip rate of the climb dashpot adds to the crystallographic slip rate at low stress levels depending on s d and k r , leading to values of the total slip rate that are larger than without dislocation climb (cf. Fig. 6 ). Note that the slip rate controlled by the thermally activated detachment is highly sensitive to k r values: the lower k r , the smaller the slip rate limited by climb since the detachment barrier increases with decreasing k r . Rösler and Arzt [92] studied the creep of an Al alloy with oxide dispersions over a temperature range of 573-773 K by using the thermally activated detachment model with an estimated k r value of 0.74. However, such small k r values will lead to a negligible contribution of the dislocation climb to the overall slip rate due to the large threshold stress and detachment energy. The effect of particle size on the slip rate limited by climb is also presented in Fig. 9 . Although the detachment threshold is reduced with increasing particle size, the rate of dislocation climb noticeably decreases due to increasing detachment energy, see Fig. 8 .
Another important parameter that controls the climb rate is the diffusion rate of vacancies. The original work on the detachment controlled dislocation climb [92] focuses on a range of temperatures that can be considered as elevated temperatures. At high temperatures, the diffusion of vacancies occurs mainly through the lattice and the rate of the diffusion can be described by an Arrhenius type equation as D eff ;l ¼ D 0;l expðÀQ l =kTÞ where D eff ;l is the coefficient of effective lattice diffusion, D 0,l is a pre-exponential coefficient and Q l is the activation energy. At low temperatures, lattice diffusion is rather slow: with the pre-exponential coefficient and activation energy for pure Al given in Table 4 , D eff ;l % 8:2 Á 10 À18 l m 2 /s at room temperature. Consequently, little material transport occurs via lattice diffusion. Therefore, based on the hypothesis that the anelastic deformation recovery observed over a longer period of time is the cumulative result of the diffusional processes occurring at the micro level, i.e. through dislocation climb, a considerably larger effective diffusion constant is necessary.
At low temperatures, the diffusion rates may be effectively enhanced via the so-called short-circuit paths, especially in case of small material dimensions. Fig. 8 Variation of the detachment stress a and the detachment energy at zero stress b with particle radius for three different values of the relaxation parameter k r at constant volume fraction These paths can be the surfaces, interfaces, grain boundaries or dislocations available in the material [10, 49, 93] depending on the temperature and properties such as grain size and geometrical dimensions, e.g. the thickness. Self diffusion through the core of dislocations (pipe diffusion) is much faster than diffusion through the lattice due to its lower activation energy, around 0.85 eV [35, 49, 95] , and it remarkably improves the rate of mass transport within the material. The core diffusion coefficient is coupled to the dislocation density and its simplest form is given by D eff ;c ¼ D 0;c expðÀQ c =kTÞq c where D eff ;c is the effective core diffusivity, D 0;c is a pre-exponential coefficient, Q c is the activation energy and q c is the density of dislocations contributing to core diffusion. Reasonable values for the dislocation densities for thin films are reported to be typically less than 100 lm -2 for thin film conductors [103] . Hence, although the core diffusion coefficient (1:7 Á 10 À15 lm 2 /s, see Table 5 ) at room temperature is larger than the coefficient for lattice diffusion by many orders of magnitude, it is not large enough to produce slip rates that cause noticeable changes in the macroscopic deformation state of the material. Grain boundaries can also serve as fast diffusion paths. The coefficient of grain boundary diffusion is related to the grain size by D g;eff ¼ D 0;g expðÀQ g =kTÞ=L g ; where D g;eff is the coefficient of effective grain boundary diffusion, D 0,g is the pre-exponential coefficient, Q c is the activation energy and L g is the average grain size. Grain boundary diffusion is a fast process with an activation energy of 0.60 eV [10, 35, 49, 93, 95] . Similarly, interfaces, e.g. between the matrix and the oxide layer in case of Al alloys, may constitute preferential paths for diffusion with an activation energy around 0.85 eV [49] . However, grain boundaries and interfaces cannot contribute directly to the dislocation climb mechanism (a) (b) Fig. 9 Slip rate versus effective shear stress a r = 5 nm. b r = 20 nm. Edge and Screw denote the parallel dashpot groups for edge and screw dislocations, respectively, while Climb stands for the climb of edge dislocations for different values of k r . The filled markers denote the overall slip rates Interface, Al-Al 2 O 3 -0.9-1 [ 49] a For lattice diffusion, D 0,l is in lm 2 /s b For core diffusion, D 0,c = A c D 0,l (in lm 4 /s) with the effective core diffusion area A c = 4 b 2 c For grain boundary diffusion, D 0,g & d g D 0,l (in lm 3 /s) with the effective width of the grain boundary d g = b d T m is the melting temperature considered in this work unless the average grain size or the thickness is relatively small. Nonetheless, the estimated values for the coefficients of grain boundary diffusion and interface diffusion are given in Table 5 for comparative purposes.
(a) (b)
The solute atoms may also lead to an enhanced lattice diffusivity. The activation energy for lattice diffusion observed in Al-Cu alloys can be as low as about 1 eV [86, 96] , which is much smaller than the value reported by Frost and Ashby [35] for pure Al of about 1.48 eV, cf. Table 5 . The slip rates delivered by the climb dashpot with the diffusion constants corresponding to lattice diffusion and core diffusion in pure Al and lattice diffusion in Al-Cu alloy (see Table 5 ) are plotted in Fig. 10a .
Application in strain gradient crystal plasticity framework
A dedicated beam bending experiment was conducted by Bergers et al. [14] . They measured anelastic strain recovery in a thin cantilever beam of an Al-Cu alloy with a polycrystalline structure. This beam was loaded for a certain period of time and showed a residual deformation of about 25 nm immediately after unloading, which completely recovered in the time following the release of the beam. In this section, the capabilities of the extended model in describing creep and anelasticity in thin films are investigated by finite element simulations of a thin cantilever beam which is loaded under similar conditions as [14] . The new constitutive model for crystallographic slip in particle strengthened fcc alloys is implemented in the SGCP framework of Sect. 2. The beam considered here is made of a single crystalline material with its [111] direction parallel to the loading direction z, see Fig. 11a . The material contains semicoherent second phase particles with a radius of 5 nm. The (a) (b) Fig. 10 Total slip rate as a function of diffusion coefficient for r = 5 nm. a Continuous and dashed curves represent the slip rate of the parallel dashpot groups for edge and screw dislocations, respectively. The dotted curves show the slip rate of the dislocation climb dashpot using lattice diffusion and core diffusion in pure Al and lattice diffusion in an Al-Cu alloy (see Table 5 ). Dash-dotted curves of are climb controlled for a range of diffusion constants (10 -12 , 10 -11 , 10 -10 , 10 -9 , 10 -8 and 10 -7 lm 2 /s) for k r = 0.94. The closed circle and square makers denote the upper and lower bounds of the total slip rate with the considered values of diffusion constants, respectively. b Effect of changing k r values for the same diffusion coefficient. The dash-dotted and dotted climb curves are obtained for the diffusion constants of 10 -7 and 10 -8 lm 2 /s, respectively, for a range of k r : 0.90, 0.91, 0.92, 0.93 and 0.94. Upper and lower bounds for the total slip rate are the same for (a) and (b) Grain boundary b , Al 1.4Á10 -9 [10, 44] Interface c , Al-Al 2 O 3 7.5Á10 -12 [49] a For q c = 1 lm -2 b For L g = 10 lm and Q g = 0.7 eV c D 0 ,i is approximated by d i D 0,l with the width of interface d i & 1-2 nm. The diffusion coefficient is given by D eff ;i ¼ 2ð1=w þ 1=tÞD 0;i expðÀQ i =kTÞ for a structure with a rectangular cross-section with width w = 25 lm and thickness t = 5 lm initial dislocation density is q SSD;0 ¼ 1 lm -2 . k r is assumed to be 0.90. The other parameters used in the simulations are given in Table 1 . It is further assumed that the surface of the beam is passivated by an oxide layer, which is modeled as an impenetrable layer where dislocations are trapped at the surface. For a discussion on the boundary conditions in the SGCP framework, the reader is referred to [24] . The dimensions of the beam are given in Fig. 11a . The beam is meshed with hexahedral elements with 15, 3 and 3 elements in x, y and z directions, respectively. Detailed information on the element technology used in the present work can be found in [12, 13, 28, 29] . The loading diagram is given in Fig. 11b . The beam is pulled down at the nodes located along the a-a 0 axis by an amount of d z = 1 lm in -z direction within t 1 = 1 s. The beam remains deformed until the load is removed at t 2 = 2 days. Subsequently, the vertical displacement of a control node located on the tip of the beam is traced until t 4 = 4 days. Six simulations are conducted with each having a different diffusion constant each time (10 -12 , 10 -11 , 10 -10 , 10 -9 , 10 -8 , 10 -7 lm 2 /s), leading to different slip rates of the climb dashpot (see Fig. 10a ). Similar changes in the slip rate would occur by varying k r as shown in Fig. 10b . Simulation results are presented in Figs. 12, 13, 14 , 15 and 16. The time dependent displacement of the tip between t 3 and t 4 is given in Fig. 12 . It is shown that the residual plastic deformation after the elastic recovery at time t = t 3 gets larger with increasing diffusion constant, i.e. the largest plastic deformation at t = t 3 grows with D eff ¼ 10 À7 lm 2 /s and is d z & -0.563 lm whereas the lowest value -0.358 lm results for D eff ¼ 10 À12 lm 2 /s. The amount of the anelastic recovery that occurs between t 3 and t 4 and the associated time constants strongly depend on the rate of the slip controlled by dislocation climb. No noticeable recovery is observed in the simulations with the smallest diffusion constant. The first visible recovery, around 1 nm, occurs for D eff ¼ 10 À11 lm 2 /s. The largest amount of recovery is found for the largest diffusion constant, yielding about 0.107 lm. Figure 13 shows the variation of the maximum von Mises stress. The material starts to develop plastic strains when the maximum stress level reaches about 40 MPa. As expected, different diffusion constants have no effect on the stress during this short loading time. In Fig. 13b , the maximum von Mises stress is plotted over the complete time span [0, t 4 ]. During the creep over [t 1 , t 2 ], a stress relaxation occurs for all values of the diffusion constants. However, the magnitude of the relaxation is the largest for largest diffusion constant, D eff ¼ 10 À7 lm 2 /s. During the anelastic recovery, hardly any relaxation occurs for diffusion constants smaller than 10 -10 lm 2 /s and the drop in the stress is again largest for D eff ¼ 10 À7 lm 2 /s. The change in the maximum of the norm of the edge and screw GNDs 7 over time is given in Fig. 14. It shows that the density of edge GNDs is larger than that of the screw type. Most GNDs are created during the loading where the effect of the diffusion constant is limited. The dislocation density increases during creep and the maximum value achieved increases with the rate of dislocation climb. The GND densities have a tendency to decrease during the anelastic recovery due to reverse slip and the magnitude of the reduction increases with the climb rate. The overall mechanical behavior of the material during load application, creep and anelastic recovery can be clarified at the level of a single material point. In Fig. 15a , the effective resolved shear stress s eff ; the elastic resolved shear stress s and the back stress s b are plotted for [0, t 4 ] on the slip system having a slip direction 1= ffiffi ffi 2 p
[ " 111] and slip plane 1= ffiffi ffi 3 p (111) in an integration point that is located in the region close to the fixed end of the beam. The figure shows that s eff reaches its maximum value during the loading period, in which s and s b also increase significantly. During the creep between t 1 and t 2 , the back stress continues to increase due to the accumulation of plastic strains. Consequently, the elastic resolved shear stress decreases and so does the effective resolved shear stress. Figure 15b shows that the effective resolved shear stress and its components, e.g. s and s b , hardly vary between t 3 and t 4 after the release of the beam at time t 2 . The total slip rate and its components, i.e. the contributions to the total slip rate by the parallel dashpot groups for the edge and screw dislocations and the climb dashpot, are plotted in Fig. 15c . The parallel dashpot group for the edge dislocations does not contribute to the slip rate for the given loading condition since the Friedel stress is larger than the stress available for cutting of particles. The slip rate of the screw dislocations is relatively large and in the same order as the slip produced by the climb dashpot for D eff ¼ 10 À12 lm 2 /s within [0, t 1 ]. The total slip rate, which is the sum of the slip rates delivered by the parallel dashpot group for screw dislocations and the climb dashpot, increases with loading, achieving its maximum value in the positive direction and decreasing during the loading stage [0, t 1 ] (the effective resolved shear stress starts to decrease because of the increasing back stress). During creep within [t 1 , t 2 ], the total slip rate is mainly determined by the climb dashpot and decreases. During the period [t 3 , t 4 ], since s eff is almost constant, the total slip rate also stays about the same. Figure 15c-d demonstrates that the total slip rate is mainly governed by the rate of dislocation climb. However, the order of magnitude of the slip rate is so low that it does not allow any internal stress relaxation after the release of the beam. The same observation holds for the other slip systems in the same integration point, having sufficiently large effective resolved shear stresses. Since this also applies to other material points, no visible deformation recovery occurs between t 3 and t 4 for D eff ¼ 10 À12 lm 2 /s. Similarly, the variation of the effective resolved shear stress and the total slip rate over time is plotted in Fig. 16 for the same slip system in the same integration point for D eff ¼ 10 À7 lm 2 /s. The change in the resolved shear stress and its components during the loading is similar to that of the case with D eff ¼ 10 À12 lm 2 /s. However, the total slip rate is determined only by the climb dashpot and is significantly higher. During creep, the total slip rate is higher as well, and hence, s b attains larger values than for D eff ¼ 10 À12 lm 2 /s. Meanwhile, s eff changes its sign and so does the total slip rate. The most significant effect of the rate of the climb dashpot occurs after the release of the beam. After t 2 , a stress redistribution occurs so that the effective resolved shear stress decays to zero, cf. Fig. 16b . This is realized by the reduction of the back stress at a rate controlled by dislocation climb. Within the current formulation, the back stress can only be reduced by decreasing the GND densities, the signed fraction of the dislocations. This occurs by reverse glide of the dislocations. This phenomenon is best illustrated in Fig. 16 . The reversal of the direction of the effective resolved stress by the release of the beam (such as in Fig. 16b ) leads to reverse glide of the dislocations at the slip system level. If the glide rate is sufficiently large (cf. Fig. 16c ), the GND densities will be reduced (see Fig. 14b ), which, in turn, will lower the back stress. Together with the back stress, the elastic shear stress must also decrease so that the effective resolved shear stress vanishes, as seen in Fig. 16b . This process continues until a stress equilibrium is reached. Consequently, the macroscopic time dependent recovery will have a decreasing rate (which is controlled by the slip rate of the climb dashpot) and will cease when the total slip rate at the individual slip systems becomes too small to bring about noticeable variations in the GND densities. During the loading, creep and anelastic recovery, the slip resistance (s) in the slip system considered in Figs. 15a and 16a either stays constant or increases. This is essentially because the SSD density, the unsigned fraction of dislocations, in the related (a) (b) (c) (d) Fig. 15 The slip resistance, effective resolved shear stress, elastic resolved shear stress and the back stress for a slip system having a slip direction 1= ffiffi ffi 2 p ½ " 111 and slip plane 1= ffiffi ffi 3 p ð111Þ in an integration point located at the fixed end of the beam for D eff ¼ 10 À12 lm 2 =s a over the whole time span, b during the anelastic recovery. The total slip rate and the individual contributions by the climb dashpot and the parallel dashpot groups for edge and screw dislocations are given in c and d corresponding to the effective resolved shear stress plotted in a and b, respectively, where (inverted triangle) marks the negative values of the slip rates. Note that only the anelastic recovery period [t 3 , t 4 ] is shown in (b) and (d). The slip rate of edge dislocations are about zero and outside the figure material point continues to increase as shown in Fig. 17 .
Discussion
An enhanced physically based constitutive formulation for crystallographic slip in particle strengthened fcc metals has been presented in this paper. In Fig. 3 , two distinct regimes of dislocation motion (i.e. jerky glide of dislocations and viscous glide of dislocations) were shown, providing a more realistic description of the material behavior, especially at high stress levels by the introduction of an upper bound for the velocity of mobile dislocations and at low stresses due to climb.
On the contrary, the phenomenological slip law used in the original SGCP model [12, 13, 28, 29] may lead to unrealistic crystallographic slip rates since it lacks an upper bound. Incorporation of particles into the constitutive equations shifts the critical effective resolved shear stress by an amount equal to the particle strength, see Fig. 5 . The threshold stresses for the Friedel, Orowan and climb processes determine the resistance of the individual dashpots of the system shown in Fig. 1 and are calculated separately for edge and screw dislocations. For screw dislocations, the present framework yields threshold stresses for the Friedel process that are always smaller than the Orowan stress for the whole range of relevant particle sizes, which is not the case for edge dislocations. The Fig. 16 The slip resistance, effective resolved shear stress, elastic resolved shear stress and the back stress for a slip system having a slip direction 1= ffiffi ffi 2 p ½ " 111 and slip plane 1= ffiffi ffi 3 p ð111Þ in an integration point located at the fixed end of the beam for D eff ¼ 10 À7 lm 2 =s a over the whole time span, b during the anelastic recovery. The total slip rate and the individual contributions by the climb dashpot and the parallel dashpot groups for edge and screw dislocations are given in c and d corresponding to the effective resolved shear stress plotted in (a) and (b), respectively, where (inverted triangle) marks the negative values of the slip rates. Note that only the anelastic recovery period [t 3 , t 4 ] is shown in (b) and (d). The slip rate of edge dislocations are about zero and outside the figure Friedel stress for screw dislocations is also always smaller than the threshold stresses for the Orowan and Friedel processes for edge dislocations. Therefore, since the slip resistance originating from the dislocation-dislocation interactions is the same for both dislocation types, screw dislocations govern the total crystallographic slip rate at low and moderate stress levels according to the current coupling of the slip rates of edge and screw dislocations when dislocation climb is omitted, see Fig. 6 . When dislocation climb is included, at low stresses, the total slip rate is controlled by the climb of edge dislocations or by the Friedel process for screw dislocations depending on the slip rate generated.
The results of the single crystalline beam bending simulations show that the rate of dislocation climb affects the evolution of plastic strains in the material. As the slip rate of the climb dashpot increases, the overall crystallographic slip rate is also increased, which leads to the generation of larger densities of GNDs and, therefore, larger back stresses especially during creep. The influence of the climb rate becomes more prominent in the form of a time dependent deformation recovery following the elastic recovery after the removal of the external load. The amount of the recovery and the characteristic time scales depend on the climb rate: larger climb rates result in larger rates of reverse slip, which lead to faster degradation of GND densities and the back stress. Hence, not only a faster recovery but also a faster decay of the effective resolved shear stress occurs. The relaxation parameter k r and the diffusion constant are important since they determine the extreme values of the climb rate for a given particle size, cf. Figs. 9 and 10. The relaxation parameter controls the size of the energy barrier and the threshold stress for the detachment, and hence it defines the slip rate versus s eff at stresses below s d , while the diffusion constant directly influences the maximum value that can be reached. In the finite element simulations, k r is fixed to a value of 0.90 and the diffusion constant is adjusted to alter the rate of climb in the finite element simulations. In the simulations, significant anelastic recovery is observed for values of the diffusion constants larger than 10 -11 l m 2 /s. Compared to the given values for several diffusion paths in Table 5 , this value is considerably larger than the lattice diffusion and the core diffusion constants but close to the values that are characteristic for grain boundary diffusion and interface diffusion. Although one would expect faster diffusion in a thin film material because of the microscale dimensions, the explicit incorporation of grain boundary diffusion and interface diffusion was omitted since the beam is considered to be made of a single crystal with a relatively large width and thickness. If a high diffusion constant would have a physical meaning, it points to a diffusion mechanism that gives rise to rates in the order of those achieved in grain boundary diffusion or interface diffusion. In literature, it is reported that the existence of second phase particles in a material matrix may increase the rate of the diffusion [37] . Moreover, in case of semicoherent and incoherent particles, the particlematrix interfaces may act as vacancy sources, from which vacancies then migrate into the matrix. Such a diffusion mechanism closely resembles the motion of vacancies from grain boundaries and lattice defects into the bulk as described in [93] with activation energies as low as 0.62 eV. Such a mechanism would lead to larger diffusion rates and amplify the slip rate controlled by the climb of edge dislocations over particles since the diffusion during the climb over a particle occurs only in the region surrounding that particle.
Conclusions
In this paper, a physically based constitutive formulation in terms of microstructural quantities is proposed for time and scale dependent crystallographic slip in precipitate strengthened fcc alloys. The presented model covers both thermally activated and viscous drag controlled regimes of dislocation motion and its applicability extends from the cases with very low strain rates to those where high strain rates are relevant.
Within the presented formulation, the overall material strength is provided by a combination of dislocation-dislocation and dislocation-particle interactions. The dislocation-particle interaction is modeled by considering three distinct processes: i) the Friedel process, i.e. particle shearing, ii) the Orowan process, i.e. circumvention via looping and iii) dislocation climb. The long range interaction is modeled via a back stress which is derived from the gradients of GND densities.
The new model is incorporated in a SGCP theory and implemented in a finite element method. Its capabilities are investigated by simulations of the bending of a single crystal cantilever beam. Analyses of the simulation results showed that:
i. When the climb of edge dislocations is neglected, the overall slip rate at slip system level is dominated by the slip rate of mobile screw dislocations at low and moderate stress levels for shearable particles. ii. When dislocation climb is involved, the total slip rate at low stresses is governed by the climb of edge dislocations, independent of the type of particles (i.e. coherent or incoherent). iii. The dislocation climb rate, which is determined by the relaxation constant and the diffusion constant together with size and volume fraction of particles, controls the amount of residual deformation that remains after the load removal. Residual deformations are developed during load transients and creep and tend to be larger with increasing rate of dislocation climb. iv. At low stress levels, the rate of dislocation climb determines also the rate of the reverse slip that occurs after the removal of applied loads. Therefore, the climb also controls the amount and the characteristic time scales of anelastic deformation recovery. v. The reverse crystallographic slip is driven by the internal stresses (i.e. back stresses), which originate from the inhomogeneous distribution of GND densities within the extended SGCP model. If the dislocation climb leads to slip rates that are sufficiently large to generate changes, i.e. reduction, in the GND densities, a stress redistribution will occur: absolute values of the elastic resolved shear stress and the back stress will be reduced, and hence, the effective resolved shear stress will decay to zero. A larger climb rate will also result in a faster strain recovery in parallel to the decay in the GND densities.
Elimination of the assumptions made in the development of the new constitutive law for crystallographic slip will provide a more complete framework for modeling the material behavior. For instance, the dislocation loops left around the particles as a result of the Orowan process can lead to local stress fields and add to the overall slip resistance against dislocation glide. Similarly, solute atoms in the matrix phase may diffuse to dislocations and, hence, restrict their motion. Also, in its current form, the new slip law can handle only one particle type, either coherent or incoherent. However, it can be readily extended towards multiple types of particles. Furthermore, the effect of semi-coherent particles on the material response can be taken into account in a way similar to the incoherent particles (or coherent particles) with a correction factor. Finally, the application of the extended SGCP model to different types of fcc metals with spherical precipitates and dispersions may provide valuable insights into the description of the mechanical behavior of thin films.
